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M.Sc. DEGREE EXAMINATION, NOVEMBER – 2023 

First Semester 

Mathematics 

GROUPS AND RINGS 

(CBCS – 2022 onwards) 

Time : 3 Hours Maximum : 75 Marks 

 Part A  (10 × 1 = 10) 

Answer all the following objective questions by choosing the 
correct option. 

1. Let G  be the group of all 2 × 2 matrices 







dc
ba

 where 

0≠− bcad  and dcba ,,,  are integers modulo 3, relative to 
matrix multiplication. Then which of the following is 

( )GO ?     (CO1, K1) 

 (a) 10   (b) 48 

 (c) 28   (d) 30 

2. Which of the following group is cyclic?  (CO1, K1) 

 (a) nD -Dihedral group    

 (b) 9U -The integers relatively prime to n  under 
multiplication mod a  

 (c) 3S -Symmetric group of degree 3     

 (d) 2GL ( )-The set of all 2 × 2 invertible matrices over 
real numbers 
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3. Which of the following Statement is correct? (CO2, K2) 

 (a) Every subgroup of an non-abelian group is normal    

 (b) If N  and M  are normal subgroups of G , then NM  
is need not be a normal subgroup of .G  

 (c) Commutator subgroup of G  is normal in G     

 (d) If H  is a subgroup of G  and N  is a normal 
subgroups of G , then NH ∪  is a normal subgroup 
of H . 

4. The number of group homomorphisms from 3S  to Z
Z

6 ? 

       (CO3, K3) 

 (a) 5   (b) 6 

 (c) 3   (d) 2 

5. Let =α ( )11,9,7,5,3,1  and ( )8,6,4,2=β  be two 
permutations in 100S . What is the order of αβ ? (CO3, K3) 

 (a) 4   (b) 6 

 (c) 12   (d) 100 

6. Let G  be a simple group of order 168. Which of the 
following number of subgroups of G  of order 7? (CO3, K4) 

 (a) 1   (b) 8 

 (c) 7   (d) 28 

7. Which of the following commutative ring is integral 
domain?     (CO3, K3) 

 (a) The ring of integers mod 6    

 (b) A product of two non-zero commutative ring 

 (c) The quotient ring [ ]
22 nx

x
−

 for any integer n     

 (d) The ring of integers mod p , where p  is a prime 
number  
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8. Let be the ring of all real-valued continuous functions 

on the closed unit interval. Then pick out the maximal 

ideal of .     (CO3, K4) 

 (a) ( ){ ∈= xfM ( ) }11/ =f     

 (b) ( ){ ∈= xfM }1
2
1

/ =





f   

 (c) ( ){ ∈= xfM }0
2
1

/ =





f      

 (d) ( ){ ∈= xfM }
3
1

3
1

/ =





f   

9. Which of the following is Euclidean ring? (CO5, K5) 

 (a) [ ] { }integersareand55 babaZ −+=−    

 (b) The ring of Gaussian integers 

 (c) The ring =A  [ ]
1

,
22 =+YX

YX      

 (d) [ ] { }integersareand1919 babaZ −+=−  

10. If ( )xf  is in ( )xF , where F  is the field of integers mod P , 

P  a prime number, and ( )xf  is irreducible over F  of 

degree n . Then [ ] ( )( )xfxF  is a field with ——————— 

elements. 

      (CO5, K6) 

 (a) n    (b) P  

 (c) Pn    (d) nP  
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 Part B  (5 × 5 = 25) 

Answer all the questions not more than 500 words each. 

11. (a) If G  is a finite group and H  and K  are finite 
subgroups of G  of order ( )HO  and ( )KO  

respectively, then prove that ( ) ( ) ( )
( )KHO

KOHO
HKO

∩
=  

     (CO1, K2) 

Or 

 (b) Let nU  denote the integers relatively prime to n  
under multiplication mod n . Show that 17U  is a 
cyclic group. What are all its generators? (CO2, K3) 

12. (a) If φ  is a homomorphism of G  into G  with  
Kernel K , then prove that K  is a normal subgroup 
of G .     (CO3, K4) 

Or 

 (b) For any group G , prove that the commutator 
subgroup 1G  is a characteristic subgroup of G . 
     (CO4, K4) 

13. (a) State and prove third part of Sylow’s theorem.  
       (CO5, K5) 

Or 

 (b) Let BA,  be cyclic groups of order m  and n  
respectively. Prove that BA ×  is cyclic if and only if 
m  and n  are relatively prime. (CO5, K5) 

14. (a) Prove a finite integral domain is a field.  (CO5, K5) 
Or 

 (b) If F  is a field, prove its only ideal are ( )0  and F  
itself.     (CO5, K6) 
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15. (a) Let  be a Euclidean ring and ∈ba, . If 0≠b  is 

not a unit in , then prove that ( ) ( )abdad < .  
     (CO5, K6) 

Or 

 (b) Prove that if an ideal U  of a ring  contains a unit 
of , then prove that =U . (CO5, K6) 

 Part C  (5 × 8 = 40) 

Answer all the questions not more than 1000 words each.  

16.  (a) (i) Show that if every element of the group G  is 
its own inverse, then G  is abelian. (CO5, K6) 

  (ii) If G  is a group of even order, prove it has an 
element ea ≠  satisfying ea =2 . 

  (iii) Let G  be the group of all non-zero complex 
number babia ,;+  are real and not both zero, 

and let { }122 =+∈+= baGibaH . Verify that 
H  is a subgroup of G  

Or 

 (b) (i) Prove that HK  is a subgroup of G  if and only 
if KHHK = .   (CO5, K4) 

  (ii) Prove that any subgroup of a cyclic group is 
itself a cyclic group. 

  (iii) If G  is a finite group and Ga ∈ , then prove 
that ( ) ( )GOaO . 

17. (a) Let φ  be a homomorphism of G  onto G  with 

kernal K . Then prove that GK
G ≈ . (CO5, K6) 

Or 

 (b) State and prove Cayley theorem.  (CO5, K6) 
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18. (a) (i) State and prove Cauchy theorem. (CO5, K6) 

  (ii) State and prove Second part of Sylow’s 
theorem. 

Or 

 (b) Let G  be a group and suppose that G  is the 
internal direct product of nNN .....,1 . Let 

nNNNT ×××= ......21 . Then prove that G  and T  
are isomorphic.    (CO5, K5) 

19. (a) (i) Let R  be a commutative ring with unit 
element whose only ideals are ( )o  and R  
itself. Then prove that R  is a field. (CO5, K6) 

  (ii) If R  is a commutative ring with unit element 
and M  is an ideal of R , then prove that M  is 

maximal ideal of R  if and only if M
R  is field. 

Or 

 (b) (i) If D  is an integral domain and D  is of finite 
characteristic, then prove that the 
characteristic of D  is a prime number.  
    (CO5, K5) 

  (ii) If VU ,  are ideals of ,R  let 
VU + ={ }VvUuvu ∈∈+ , . Prove that VU +  

is also an ideal. 

  (iii) Write the statement of the Pigeonhole 
principle. 

20. (a) (i) Show that the ideal ( )oaA =  is a maximal 
ideal of the Euclidean ring R  if and only if oa  
is a prime element of R . (CO5, K6) 

  (ii) Prove that the domain of Gaussian integers 
[ ]iJ  is a Euclidean ring.  

Or 
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 (b) (i) Prove that 42 ++ xx  is irreducible over F , 
the field of integers mod 11 and prove directly 
that [ ] 42 ++ xxxF  is a field having 121 
elements.    (CO5, K6) 

  (ii) If P  is a prime number, prove that the 
polynomial Pxn −  is irreducible over the 
rationals.  

 
———————— 
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Time : 3 Hours Maximum : 75 Marks 

 Part A  (10 × 1 = 10) 

Answer the following objective questions by choosing the 
correct option. 

1. Every infinite subset of a countable set A is 
______________.          (CO1, K2) 

 (a) Countable  (b) Uncountable 

 (c) Compact  (d) Complete 

2. Let A be the set of real numbers x  such that 10 ≤< x . 
For every Ax ∈ , let xE  be the set of real numbers y  such 
that xy <<0 . Then ______________. (CO1, K2) 

 (a) xAx E∈ is non empty  

 (b) 1EExAx =∈  

 (c) zx EE ⊃     

 (d) 1EExAx =∈  
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3. If n
n is = , the sequence { }ns  is ______________. (CO2, K3) 

 (a) Divergent, unbounded and infinite range    

 (b) Converges, bounded and infinite range 

 (c) Converges, bounded and finite range    

 (d) Divergent, bounded and finite range 

4. A metric space in which every Cauchy sequence 
converges is said to be ______________. (CO2, K3) 

 (a) Compact  (b) Continuous 

 (c) Complete  (d) None of these 

5. If the sequence is convergent then ______________. 

 (CO3, K4) 

 (a) It has two limits  

 (b) It is bounded 

 (c) It is bounded above but may not be bounded below    

 (d) It is bounded below but may not be bounded above 

6. Every Cauchy sequence has a ______________. (CO3, K4) 

 (a) Convergent subsequence    

 (b) Increasing subsequence 

 (c) Decreasing subsequence    

 (d) Positive subsequence 

7. A number L is called limit of the function f when x  
approaches to c  if for all 0>ε , there exists 0>δ  such 
that ______________ δ<−< cx0 . (CO4, K4) 

 (a) ( ) ε>− Lxf  (b) ( ) ε<− Lxf  

 (c) ( ) ε≤− Lxf  (d) ( ) ε≥− Lxf  
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8. If ( ) Lxf
cx

=
→

lim , then ______________ sequence { }nx  such 

that cxn →  when ∞→n , one has ( ) Lxf
n

=
∞→

lim . (CO4, K5) 

 (a) For some   

 (b) For every 

 (c) For every subsequence 

 (d) For some subsequence 

9. Suppose f and g are defined on [a, b] and are 
differentiable at a point x ∈ [a, b]. Then f + g is 
differentiable and          (CO5, K6) 

 (a) ( ) ( ) ( ) ( )xgxfxgf ''' +=+     

 (b) ( ) ( ) ( ) ( )xgxfxgf +=+ '  

 (c) ( ) ( ) ( ) ( )xgxfxgf ''' +=+     

 (d) ( ) ( ) ( ) ( )xgxfxgf +=+ '  

10. Let f  be defined on [ ]ba, . If f  is differentiable at a point 
[ ]bax ,∈ . then ______________. (CO5, K6) 

 (a) f is continuous at x  

 (b) f is discontinuous at x  

 (c) bounded   

 (d) unbounded 

 Part B  (5 × 5 = 25) 

Answer all the questions not more than 500 words each. 

11. (a) Show that compact subsets of metric spaces are 
closed.    (CO1, K2) 

Or 

 (b) (i) Prove that every neighborhood is an open set. 

  (ii) Prove that a set E is open if and only if its 
complement is closed. (CO1, K2) 
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12. (a) Prove that the following  (CO2, K3) 

  (i) If { }np is a sequence in a compact metric space 
X, then some subsequence of { }np  converges to 
a point of X. 

  (ii) Even bounded sequence in Rk contains a 
convergent subsequence. 

Or 

 (b) Let { }ns  be a sequence of real numbers. Let E and 
*S  be the lower limit of{ }ns . Then prose S* has the 

following properties.  (CO2, K3) 

  (i) Es ∈*  

  (ii) If *sx > , there is an integer N such that 
Nn ≥  implies xsn < . 

13. (a) For any sequence { }nc  of positive numbers, prove 

that n
n

n
n

n

n
cfin

c
c

f
∞→

+

∞→
≤ liminlim 1  and 

n

n

nn
n

n c
c

c 1suplimsuplim +

∞→∞→
≤ .  (CO3, K4) 

Or 

 (b) Suppose    (CO3, K4) 

  (i) The partial sums nA of  na  form a bounded 

sequences; 

  (ii) ,210 ≥≥≥ bbb  

  (iii) 0lim =
∞→ nn

b  

  Then prove that nnba  converges. 
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14. (a) Prove that a mapping f  of a metric space X into a 
metric space Y is continuous on X if and only if 

( )Vf 1−  is open in X for every open set in V in Y. 

 (CO4, K5) 

Or 

 (b) Suppose f  is a continuous mapping of a compact 
metric space into a metric space Y. Then prove that 

( )Xf  is compact.   (CO4, K5) 

15. (a) Suppose f  is continuous on [ ] ( )xfba ',,  exists at 
some point [ ] gbax ,,∈  is defined on an interval I 
which contains the rangeof f , and y is differentiable 
 at the point ( )xf . If ( ) ( )( ) ( )btatfgth ≤≤= , , 
then prove that h is differentiable at x and 

( ) ( )( ) ( )xfxfgxh ''' = . 

 (CO5, K6) 

Or 

 (b) Suppose f  is a continuous mapping of [ ]ba,  into 
kR and f  is differentiable in ( )ba, . Prove that there 

exists ( )bax ,∈  such that ( ) ( ) ( ) ( )xfabafbf '−≤− . 

  (CO5, K6) 

 Part C  (5 × 8 = 40) 

Answer all the questions not more than 1000 words each. 

16. (a) Suppose XYK ⊂⊂ . Prove that K is compact 
relative to X if and only if K is compact relative to Y.  

(CO1, K2) 

Or 

 (b) Show that even k-cell is compact. (CO1, K2) 
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17. (a) (i) If 0>p ,then prove that 0
1

lim =
∞→ pn n

 (CO2, K3) 

  (ii) If 0>p , then prove that 1lim =
∞→

n

n
n  

  (iii) Prove 1lim =
∞→

n

n
n  

  (iv) If 0>p  and α is real, then prove that 

( ) 0
1

lim =
+∞→ nn p

nα

 

  (v) If 1<x , then prove that 0lim =
∞→

n

n
x . 

Or 

 (b) Show that if ( )∞

=
>

2 log

1
,1

n pnn
p converges: If 1≤p , 

the series diverges.  (CO2, K3) 

18. (a) Let  na be a series of real numbers which 

converges, but not absolutely. Suppose 
∞≤≤≤∞− βα . Prove that there exists a 

rearrangement  'na  with partial sums 'ns  such 

that βα ==
∞→∞→ nnnn

sfsin 'inflim,lim ' . (CO3, K3) 

Or 

 (b) Suppose    (CO3, K4) 

  (i) ∞

=0n na  converges absolutely, 

  (ii) ∞

=
=

0n n Aa  

  (iii) ∞

=
=

0n n Bb  

  (iv) ( ),2,1,0
0

== = − nbac
n

k knkn  

  Then prove that ∞

=
=

0n n ABc  
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19. (a) Let f  be a continuous mapping of a compact metric 
space X into a metric space Y. Prove that f is 
uniformly continuous on X. (CO4, K4) 

Or 

 (b) Let E be a noncompact set in R1. Then prove the 
following.    (CO4, K5) 

  (i) there exists a continuous function on E which 
is not bounded: 

  (ii) there exists a continuous and bounded 
function on E which has no maximum. 

  If, in addition, E is bounded, then 

  (iii)  there exists a continuous function on E which 
is not uniformly continuous. 

20. (a) Suppose f and g are real and differentiable in 
( )ba, and ( ) 0' ≠xg  for all ( )bax ,∈ , where 

+∞≤<≤∞− ba . Suppose 
( )
( ) A
xg
xf →

'
'

as ax → . If 

( ) 0→xf and ( ) 0→xg as ax → , or if ( ) +∞→xg as 

ax → , prove that 
( )
( ) A
xg
xf → as ax → . (CO5, K6) 

Or 

 (b) If f and g  are continuous real functions on [ ]ba,  
which are differentiable in ( )ba, , prove that there is 
a point ( )bax ,∈ , at which 

( ) ( )[ ] ( ) ( ) ( )[ ] ( )xfagbgxgafbf '' −=− . (CO5, K6) 

 
———————— 
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 Part A  (10 × 1 = 10) 

Answer all the following objective questions by  
choosing the correct option. 

1. Find all solutions of the differential equation 04" =− yy  
       (CO1, K1) 

 (a) xx ececx 2
2

2
1)( −+=φ  where 21,cc  are any constants 

 (b) xx ececx −+= 21)(φ  where 21,cc  are any constants 

 (c) xx ececx −+= 2
2

1)(φ  where 21,cc  are any constants 

 (d) xx ececx 2
21)( −+=φ  where 21,cc  are any constants 

2. Let W be the Wronskian of two linearly independent 
solutions of ODE 0'"2 2 =++ ytyy ; Rt∈ . Then, for all t, 
there exists a constant RC∈  such that )(tW  is (CO1, K2) 

 (a) tCe−    (b) 2
t

Ce  

 (c) tCe2    (d) tCe 2−  

Sub. Code 
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3. The functions 1φ , 2φ  defined below exist for ∞<<∞− x . 
Determine which functions are linearly dependent here 
      (CO2, K4) 

 (i) rxexxx == )(,)( 21 φφ  where r is a complex constant 

 (ii) 2
2

2
1 5)(,)( xxxx == φφ  

 (iii) xxxx == )(,)( 21 φφ  

 (a) Only (i) is linearly dependent 

 (b) Only (ii) is linearly dependent 

 (c) All the above are linearly dependent 

 (d) None of the above are linearly dependent 

4. If ( ) ++=
2

1

22 '2'][ dxyyyyyJ , 1)1( =y  and )2(y  is 

arbitrary then the external is  (CO2, K5) 

 (a) 1−xe    (b) 1+xe  

 (c) xe −1    (d) 1−−xe  

5. The differential equation 0)0(,0;)(60 5
12 =>= yxy

dx
dy

 has 

       (CO3, K6) 

 (a) A unique solution  

 (b) Two solution 

 (c) No solution  

 (d) Infinite number os solutions 

6. Consider the second order differential equation 
xyyy sin2'" =−+ . Find the roots of the auxiliary equation 

of the given ODE?   (CO3, K1) 

 (a) –2 and 1  (b) –2 and –1 

 (c) 2 and 1  (d) 2 and – 1 
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7. Consider the ODE 0)(')(" =++ yxQyxPy  where P and Q 
are smooth functions. Let 1y  and 2y  be any two solutions 
of the ODE. Let )(xW  be the corresponding Wronskian. 
Then which of the following is always true? (CO4, K2) 

 (a) If 1y  and 2y  are linearly independent then 21,xx∃  
such that 0)( 1 =xW  and 0)( 2 ≠XW  

 (b) If 1y  and 2y  are linearly independent xxW ∀=0)(  

 (c) If 1y  and 2y  are linearly dependent then 
xxW ∀≠ 0)(  

 (d) If 1y  and 2y  are linearly independent then 
xxW ∀≠ 0)(  

8. Find the basis for the solutions of the second order 

differential equation )0(,
2

" 2 ∞<<=− xxy
x

y ? (CO4, K3) 

 (a) 2x  and 1−x  (b) 2−x  and 1−x  

 (c) 2−x  and 1x  (d) 2x  and 1x  

9. Find the solution φ  of 2)'(1" yy +=  which satisfies 
0)0(',0)0( == φφ ?   (CO5, K5) 

 (a) )
22

(),(coslog)(
ππφ <<−−= xxx  

 (b) )
22

(),(coslog)(
ππφ <<−= xxx  

 (c) )
22

(),(sinlog)(
ππφ <<−−= xxx  

 (d) )
22

(),(sinlog)(
ππφ <<−= xxx  
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10. Consider the differential equation 0
1

'")1( =++− y
x

xyyx  

then      (CO5, K6) 

 (a) 1=x  is the only singular point 

 (b) 0=x  is the only singular point 

 (c) Both 0=x  and 1=x  are singular points 

 (d) Neither 0=x  nor 1=x  are singular points 

 Part B  (5 × 5 = 25) 

Answer all questions, not more than 500 words each. 

11. (a) If 21,φφ  are two solutions of 0)( =yL  on an interval I 
containing a point 0x , then prove that 

)(),()(),( 021
)(

21
01 xWexW xxa φφφφ −−= . (CO1, K2) 

Or 

 (b) Let nφφ ,...,1  be n linearly independent solutions of 
0)( =yL  on an interval I. If ncc ,...,1  are any 

constants, then show that nncc φφφ ++= ....11  is a 
solution, and every solution can be represented in 
that form.    (CO1, K2) 

12. (a) Find all the solutions of the second order 

differential equation )0(,
2

" 2 ∞<<=− xxy
x

y . 

     (CO2, K3) 

Or 

 (b) Discuss about the reduction of the order of a 
homogeneous equation.  (CO2, K4) 
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13. (a) Write a short note on the derivation of second order 
equations with regular and singular points. 
     (CO3, K6) 

Or 

 (b) Formulate the solution of the Bessel’s function of 
order α  of the first kind αJ . (CO3, K5) 

14. (a) Suppose S is either a rectangle 
)0,(,, 00 >≤−≤− babyyaxx , or a strip 

)0(,,0 >∞<≤− ayaxx , and that f is a real-valued 

function defined on S such that 
y
f

∂
∂

 exists, is 

continuous on S, and ( )SyxKyx
y
f

in),(,),( ≤
∂
∂

, for 

some 0>K . Show that f satisfies a Lipschitz 
condition on S with Lipschitz constant K. (CO4, K3) 

Or 

 (b) Prove that a function φ  is a solution of the initial 
value problem 00 )(),,(' yxyyxfy == , on an interval I 
if and only if it is a solution of the integral equation 

+=
x

x
dtytfyy

0

),(0  on I.  (CO4, K2) 

15. (a) Suppose f is a real-valued continuous function on 
the plane ∞<∞< yx , , which satisfies a Lipschitz 

condition on each strip ∞<≤ yaxSa ,: , where a is 

any positive number. The lipschitz constant aK  for 
f in aS  may depend on a. Prove that every initial 
value problem 00 )(),,(' yxyyxfy == , has a solution 
which exists for all real x. (CO5, K5) 

Or 
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 (b) Let f be continuous and satisfy a Lipschitz condition 
on R. Let the ( ),..2,1=kgk  be continuous on R and 

satisfy kk yxgyxf ∈≤− ),(),( , (all ),( yx  in R), for 

some constant )(0 ∞→→∈ kk , and let 
)(0 ∞→→ kyyk . If kψ  is a solution of ),(' yxgy k= , 

kyxy =)( 0  on an interval I containing 0x  and φ  is 
the solution of 00 )(),,(' yxyyxfy ==  on I, then show 
that )()( xxk φψ →  on I.   (CO5, K6) 

 Part C  (5 × 8 = 40) 

Answer all the questions, not more than 1000 words each. 

16. (a) (i) Show that the two solutions 21,φφ  of 0)( =yL  
are linearly independent on an interval I if, 
and only if, 0)(),( 21 ≠xW φφ  for all x in I. 

  (ii) Let 21,φφ  be two solutions of 0)( =yL  on an 
interval I, and let 0x  be any point in I. Verify 
that 21, φφ  are linearly independent on I if and 
only if ( ) 0)(, 021 ≠xW φφ . (CO1, K2) 

Or 

 (b) State and prove the existence theorem for the linear 
equations with constant coefficients. (CO1, K4) 

17. (a) Let 1φ  be a solution of 0)( =yL  on an interval I, and 
suppose 0)(1 ≠xφ  on I. If nvv ,..,2  is any basis on I for 

the solutions of the linear equation ++− ...)1(
1

nvφ  

[ ] 0...)1( 11
)2(

1
)1(

1 =++−+ −
−− vann n

nn φφφ  of order 1−n  

and if 'kk uv = , ),...,2( nk = , then prove that 

1121 ,...,, φφφ nuu  is a basis for the solutions of 
0)( =yL  on I.   (CO2, K3) 

Or 
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 (b) Generate a detailed derivation for the solutions of 
the second order linear equations with analytic 
coefficients (Legendre equation). (CO2, K6) 

18. (a) Derive the Bessel’s function of zero order of the 
second kind 0K .   (CO3, K5) 

Or 

 (b) Consider the second order differential equation 
0'"2 =++ yxyyx  for 0≠x . Apply Euler’s method to 

find the solution of 0)( =yL . (CO3, K3) 

19. (a) Let M, N be two real-valued functions which have 
continuous first partial derivatives on some 
rectangle byyaxxR ≤−≤− 00 ,: . Prove that the 

equation ( ) ( ) 0',, =+ yyxNyxM  is exact in R if and 

only if, 
x
N

y
M

∂
∂=

∂
∂

 in R.  (CO4, K6) 

Or 

 (b) State and prove the existence theorem for the 
convergence of the successive approximations. 
     (CO4, K4) 

20. (a) Let f be a real-value continuous function on the 
strip 0(,,: 0 >∞<≤− ayaxxS ) and suppose that f 

satisfies a Lipschitz condition on S with Lipschitz 
constant 0>K . Then show that the successive 
approximations { }kφ  for the problem ),(' yxfy = , 

00 )( yxy = , exist on the entire interval axx ≤− 0 , 

and converges there to a solution φ . (CO5, K3) 

Or 
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 (b) Suppose f is a vector-valued function defined for 
( )yx,   on a set S of the form 

( )0,,, 00 >≤−≤− babyyaxx , or of the form 

∞<≤− yaxx ,0 , ( )0>a . Prove that nk
y
f

k

,...,1( =
∂
∂

 

exists, is continuous on S, and there is a constant 

0>K  such that ),...1(,),( nkKyx
y
f

k

=≤
∂
∂

, for all 

),( yx  in S and f satisfies a Lipschitz condition on S 
with Lipschitz constant K. (CO5, K5) 

———————— 
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M.Sc. DEGREE EXAMINATION, NOVEMBER – 2023 
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Mathematics 

ANALYTIC NUMBER THEORY 

(CBCS – 2022 onwards) 

Time : 3 Hours Maximum : 75 Marks 

 Part A  (10 × 1 = 10) 

Answer all the following objective questions 
by choosing the correct option 

1. ‘If A   is a non-empty set of positive integers, then A  
contains a smallest element’ refers to (CO1, K2) 

 (a) Induction principle    

 (b) Division principle 

 (c) Arithmetic principle    

 (d) Well ordering principle 

2. The value of )9(φ  is   (CO1, K2) 

 (a) 4    

 (b) 3 

 (c) 6    

 (d) 8 

Sub. Code 
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3. Which of the following is True? (CO2, K4) 

 (a) 1)(
1

lim =Σ ≤∞→ n
x xnx μ     

 (b) 0)(
1

lim =Σ ≤∞→ n
x xnx μ  

 (c) 1)(
1

lim =Σ ≥∞→ n
x xnx μ     

 (d) 0)(
1

lim =Σ ≥∞→ n
x xnx μ  

4. Two lattice points ),( ba  and ),( nm  are mutually visible 
iff      (CO2, K4) 

 (a) primerelativelyareand nbma −−     

 (b) ψ primerelativelyareand nbma −+  

 (c) primerelativelyareand nbma +−     

 (d) primerelativelyareand nbma ++  

5. Chebychev’s function−ψ is  (CO3, K2) 

 (a) )()( nx xn ∧Σ= ≥ψ  (b) )()( xn xn ∧Σ= ≤ψ  

 (c) )()( nx xn ∧Σ= ≤ψ  (d) )()( xn xn ∧Σ= ≥ψ  

6. Which of the following is correct? (CO3, K2) 

 (a) 1
log)(

lim =∞→ x
xx

x
π

    

 (b) 0
log)(

lim =∞→ x
xx

x
π

 

 (c) 1
log)(

lim =∞→ xx
x

x π
    

 (d) 0
log)(

lim =∞→ xx
x

x π
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7. The remainder when 41 divides 1220 −  is (CO4, K4) 

 (a) 1   (b) –1 

 (c) 2   (d) 0 

8. The number of mutually incongruent solutions modulo 42 

of the linear congruence )42(mod018 ≡x is  (CO4, K4) 

 (a) 2   (b) 6 

 (c) 4   (d) 5 

9. Which of the following is NOT True? (CO5, K5) 

 (a) 3 is a quadratic residue of 13    

 (b) 2 is a quadratic residue of 13 

 (c) 4 is a quadratic residue of 13    

 (d) 10 is a quadratic residue of 13 

10. The Legendre’s symbol is  (CO5, K5) 

 (a) ≡)/( pa 1 if a  is a quadratic non residue of p     

 (b) ≡)/( pa –1 if a  is a quadratic residue of p  

 (c) ≡)/( pa 1 if a  is a quadratic residue of p     

 (d) ≡)/( pa –1 if a  is a quadratic non residue of p  
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 Part B  (5 × 5 = 25) 

Answer all the questions 

not more than 500 words each. 

11. (a) State and prove division algorithm. (CO1, K2) 

Or 

 (b) If f and g  are multiplicative then show that gf ∗ is 

multiplicative.   (CO1, K2) 

12. (a) State and prove Legendre’s identity. (CO2, K4) 

Or 

 (b) If 1≥x , prove that ,
1

log
1







++=Σ ≤ x

OCx
nxn where 

C is Euler’s constant.  (CO2, K4) 

13. (a) State and Prove Abel’s identity. (CO3, K2) 

Or 

 (b) Show that 0
log

)()(
lim =







 −∞→ xx
xH

x
xM

x  (CO3, K2) 

14. (a) Find the remainder when the sum. (CO4, K4) 

  1!+2!+3!+....+99!+100! is divided by 12. 

Or 

 (b) Solve the linear congruence )276(mod917 ≡x .  
       (CO4, K4) 
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15. (a) State and prove Euler’s criterion. (CO5, K5) 

Or 

 (b) Determine the solution of a quadratic congruence 
)1357(mod1962 ≡x .  (CO5, K5) 

 Part C  (5 × 8 = 40) 

Answer all the questions 
not more than 1000 words each. 

16.  (a) Show that every positive integer 1>n  can be 
expressed uniquely as a product of primes apart 
from the order in which the factors occur. (CO1, K2) 

Or 

 (b) State Generalized inversion formula and show its 
proof.    (CO1, K2) 

17. (a) State and Prove Euler’s summation formula.  
       (CO2, K4) 

Or 

 (b) Show that the set of lattice points visible from the 

origin has density 2

6
π

.  (CO2, K4) 

18. (a) For every integer 2≥n , show that 

n
n

n
n

n
log

.6)(
log6

1 π< .  (CO3, K2) 

Or 

 (b) State Selberg’s asymptotic formula and shor its 
proof.    (CO3, K2) 
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19. (a) State and prove Chinese Remainder theorem.  
       (CO4, K4) 

Or 

 (b) Prove that the linear congruence )(modnbax ≡ has 
a solution iff bd / , where ),gcd( nad = . (CO4, K4) 

20. (a) State and prove Gauss lemma. (CO5, K5) 

Or 

 (b) State quadratic reciprocity law and show its proof.  
       (CO5, K5) 

 
———————— 
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(CBCS – 2022 onwards) 

Time : 3 Hours Maximum : 75 Marks 

 Part A  (10 × 1 = 10) 

Answer all the following objective questions by choosing the 
correct option. 

1. Stream is a ______________.  (CO1, K1) 

 (a) Group of non-printable character 

 (b) Sequence of bytes 

 (c) Set of errors    

 (d) The flow of invalid characters 

2. Which of the following is not a valid predefined object in 
C++?      (CO1, K1) 

 (a) cin   (b) cout 

 (c) cput   (d) cerr 

3. In a class, data members are also called as (CO2, K1) 

 (a) Abstracts  (b) Attributes 

 (c) Properties  (d) Dimensions 

Sub. Code 
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4. The data members and functions of a class in C++ are by 
default ______________.   (CO2, K2) 

 (a) Protected  (b) Private 

 (c) Public  (d) Public and protected 

5. Choose the right option.   (CO3, K2) 

 string*x, y: 

 (a) x is a pointer to a string, y is a string    

 (b) y is a pointer to a string, x is a string 

 (c) both x and y are pointers to string types    

 (d) y is a pointer to a string 

6. What does the following statement mean? (CO3, K2) 

 int (*fp) (char*) 

 (a) Pointer to a pointer    

 (b) Pointer to an array of chars 

 (c) Pointer to function taking a char * argument and 
returns an int   

 (d) Function taking a char * argument and returning a 
pointer to int 

7. Which type of function among the following shows 
polymorphism?    (CO4, K4) 

 (a) Inline function  

 (b) Virtual function 

 (c) Undefined function 

 (d) Class member functions 

8. Which one of the following can show polymorphism?  
       (CO4, K5) 

 (a) Overloading  (b) Overloading && 

 (c) Overloading << (d) Overloading + = 
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9. When a base class is privately inherited by a derived 
class public members of the base class become 
______________ of the derived class. (CO5, K5) 

 (a) Private members (b) Protected members 

 (c) Public members (d) Not inherited 

10. When a child class inherits traits from more than one 
parent class, this type of inheritance is called  
______________ inheritance.  (CO5, K6) 

 (a) Hierarchical (b) Hybrid 

 (c) Multilevel  (d) Multiple 

 Part B  (5 × 5 = 25) 

Answer all the questions not more than 500 words each. 

11. (a) Explain the Basic concepts in oops. (CO1, K3) 

Or 

 (b) Discuss the Manipulators in C++. (CO1, K3) 

12. (a) Differentiate between the Class objects and class 
members.    (CO2, K4) 

Or 

 (b) How to Define and access member functions within 
a class.    (CO2, K4) 

13. (a) Explain the pointers and references. (CO3, K5) 

Or 

 (b) Define this pointer, how to declare the New and 
delete operators?   (CO3, K5) 

14. (a) Discuss the Compile time polymorphism. (CO4, K6) 

Or 

 (b) Appraise the Function overloading. (CO4, K6) 

15. (a) How to declare Derived class in C++? (CO5, K5) 

Or 

 (b) How does the Inheritance access specifier work in 
C++?     (CO5, K6) 
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 Part C  (5 × 8 = 40) 

Answer all the questions not more than 1000 words each. 

16. (a) Brief about the data types and operators in c++. 

 (CO1, K3) 

Or 

 (b) State the Control loop statements and functions. 
       (CO1, K3) 

17. (a) Explain the Constructor and destructor. (CO2, K3) 

Or 

 (b) How do the Friend, static and member functions 
work?    (CO2, K3) 

18. (a) Define Strings and explain the Dynamic 
constructors.   (CO3, K4) 

Or 

 (b) How to solve the Problems with pointer reference 
and copy constructor? Explain with example. 

  (CO3, K4) 

19. (a) Discuss the Operator overloading. (CO4, K5) 

Or 

 (b) Explain the Overloading in unary and binary 
operators.    (CO4, K5) 

20. (a) Discuss the types of inheritance with example 
program.    (CO5, K6) 

Or 

 (b) Describe the Virtual and pure virtual functions. 

  (CO5, K6) 

———————— 
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 Part A  (10 × 1 = 10) 

Answer all the following objective questions by choosing the 
correct option. 

1. Total virtual work done on N-particle system is ———— 
       (CO1, K1) 

 (a)  Zero    

 (b)  Maximum  

 (c)  Minimum   

 (d)  Neither maximum nor minimum 

2. Kinetic energy of a particle of mass m is a ————— of 
the velocities.    (CO1, K2) 

 (a) Quadratic function    

 (b)  Homogeneous quadratic function 

 (c) Linear function    

 (d)  Non-linear function 

Sub. Code 
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3. In Lagrange’s equation if there are N number of 
particles and so the generalized coordinates are  
      (CO2, K2) 

 (a) kNn −=   (b)  kNn −= 3  

 (c)  Nn 3=   (d)  knn −= 3   

4. In case of simple pendulum, the normal restoring force 
is  —————      (CO2, K2) 

 (a) mgl−   (b)  θcosmgl−   

 (c)  θsinmgl−   (d)  θsinmgl  

5. The action integral must be a ————— value for actual 
path.      (CO3, K3) 

 (a)  Real   (b) Stationary  

 (c)  Maximum  (d)  Minimum 

6. All the virtual displacements jqδ are —————   

       (CO3, K3) 

 (a)  Zero   (b)  Dependent  

 (c)  Independent (d)  None of these 

7.  =
2

1

0
t

t

dtLδ  is called —————  (CO4, K4) 

 (a) Hamilton’s Principle  

 (b)  Lagrangian Principle 

 (c) Minimal Integral  

 (d)  Liouville’s Principle 
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8. The conserved quantity in the system that has 
transactional symmetry is —————  (CO5, K5) 

 (a) Momentum (b)  Area  

 (c)  Velocity  (d)  Displacement 

9. The point transformation is also known as  —————    
       (CO5, K6) 

 (a) Contact transformation  

 (b)  Functional transformation 

 (c)  Non-functional transformation  

 (d)  None of these 

10. The bridge between Classical Mechanics is provided by  
—————     (CO5, K6) 

 (a)  Lagrange brackets  

 (b)  Poisson brackets 

 (c)  Jacobi’s identity  

 (d)  Hamilton’s identity  

Part B  (5 × 5 = 25) 

Answer all the questions not more than 500 words each. 

11.  (a) A particle of mass m is suspended by a massless 
wire of length tbar ωcos+= , ( )0>< ba  to form a 
spherical pendulum. Find the equations of motion. 
     (CO1, K3) 

Or 

 (b)  State and prove Konig’s theorem. (CO2, K3) 
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12.  (a) A double pendulum consists of two particles 
suspended by massless rods, as shown below. 
Assuming that all motion takes place in a vertical 
plane. Find the differential equations of motion.  
     (CO2, K3) 

 

Or 

 (b)  Write a note on Routhian function. (CO3, K4) 

13.  (a) Describe and solve the geodesic problem. (CO4, K5) 

Or 

 (b)  State and solve the brachistochrone problem.  
        (CO4, K5) 

14.  (a) State and prove Jacobi’s theorem. (CO5, K6) 

Or 

 (b)  Analyze the Kepler problem by using the  
Hamilton-Jacobi method. (CO4, K6) 

15.  (a) Find K-H and the generating functions of the 

transformation 2

2
1

gttpqQ +−= , gtpp −= .  

     (CO5, K6)  

Or 

 (b)  State and prove Poisson’s theorem. (CO5, K6)   
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 Part C  (5 × 8 = 40) 
Answer all the questions not more than 1,000 words each. 

16.  (a) Explain about principle of virtual work with 
examples.     (CO2, K3) 

Or 
 (b)  Three particles are connected by two rigid rods 

having a joint between them to form the system 
shown below. A vertical force F and a moment 
M are applied as shown. The configuration of the 
system is given by the ordinary coordinates 
( )321 ,, xxx  or by the generalized coordinates ( )321 ,, qqq , 

where 3211 2
1

qqqx ++= , 312 qqx −= , 

3213 2
1

qqqx +−= . Find the generalized forces 

21, QQ  and 3Q .  
     (CO3, K4) 

 
17.  (a) A block of mass 2m  can slide on another block of 

mass 1m  which, in turn, slides on a horizontal 
surface, as shown below. Using 1x  and 2x  as 
coordinates, obtain the differential equation of 
motion. Solve for the accelerations of the two blocks 
as they move under the influence of gravity, 
assuming that all surfaces are frictionless. Find the 
force of interaction between the blocks. (CO4, K4) 

   
Or 
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 (b)  (i)  Describe Liouville’s system. (CO4, K5) 

   (ii)  Obtain the energy integral for a conservative 
system. 

18.  (a) Describe and derive the principle of least action.  
        (CO4, K6) 

Or 

 (b)  Derive Hamilton’s equation for a holonomic system.   
        (CO5, K5) 

19.  (a) Use Hamilton-Jacobi method to solve for a simple 
mass spring system figure given below. (CO5, K6) 

 

Or 

 (b)  (i)  Write a short note on Pfaffian differential 
equation.   (CO5, K4) 

   (ii) State and prove Stackel’s theorem. 

20.  (a) Obtain the Homogeneous canonical transformation 
and point transformations. (CO5, K6)  

Or 

 (b)  Explain about Lagrange and Poisson brackets.   
        (CO5, K6) 

———————— 
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Time : 3 Hours Maximum : 75 Marks 
 Part A  (10 × 1 = 10) 

Answer all the following objective questions by choosing the 
correct option. 

1. If X  is any set and the collection of all subsets of X  is a 
topology on X  then the topology is called ––––––––––––  
      (CO1, K1) 

 (a) Indiscrete topology 
 (b) Trivial topology 
 (c) Discrete topology    
 (d) Complement topology 

2. Choose subspace topology –––––––––––– (CO1, K2) 
 (a) { }ℑ∈∩=ℑ UUYy |     

 (b) { }ℑ∈∪=ℑ UUYy |  

 (c) { }ℑ∈∩=ℑ UUYU |     

 (d) { }ℑ∈∪=ℑ UUYU |  

3. Choose the diameter of A  is defined to be the number, if 
A  is bounded and nonempty ––––––––––––. (CO2, K2) 

 (a) ( ) ( ){ }1,,min, yxdyxd =  

 (b) ( ) ( ){ }1,,max, yxdyxd =  

 (c) ( ) ( ){ }0,,max, yxdyxd =     

 (d) ( ) ( ){ }0,,min, yxdyxd =  

Sub. Code 
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4. Identity, the image of a connected space under a 
continuous map is ––––––––––––. (CO2, K1) 

 (a) Continuous (b) Compact 

 (c) Connected  (d) Disconnected 

5. Choose, every closed interval in R is  ––––––––––––  
       (CO3, K1) 

 (a) Countable  (b) Uncountable 

 (c) Empty  (d) Compact 

6. The space X  is said to be –––––––––––– if every 
sequence of points of X  has a convergent subsequence.   
      (CO3, K1) 

 (a) Locally compact (b) Separation 

 (c) Limit point (d) Sequentially compact 

7. Name the subset A of a space X  which is –––––––––––– 
in X  if XA = .    (CO4, K1) 

 (a) Dense  (b) Separable 

 (c) Countable  (d) Basis 

8. Every regular space with a countable basis is –––––––––.    
      (CO4, K1) 

 (a) Normal  (b) Regular 

 (c) Metrizable  (d) Countable 

9. Name the 1-manifold is ––––––––––––. (CO5, K1) 

 (a) Surface  (b) Curve 

 (c) Support  (d) Unity 

10. Every manifold is ––––––––––––. (CO5, K1) 

 (a) Normal  (b) Regular 

 (c) Separable  (d) Compact 
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 Part B  (5 × 5 = 25) 
Answer all the questions not more than 500 words each. 

11. (a) Let X  be an ordered set in the order topology. Let 
Y  be a subset of X  that is convex in X . Then prove 
that the order topology on Y  is the same as the 
topology Y inherits as a subspace of X . (CO1, K5) 

Or 

 (b) Let A  be a subset of the topological space X ; let 'A  
be the set of all limit points of A . Then prove that 

'AAA ∪= .   (CO1, K5) 

12. (a) State and Prove the sequence lemma. (CO2, K5) 
Or 

 (b) Prove that the union of a collection of connected 
subspaces of X  that have a point in common is 
connected.    (CO2, K5) 

13. (a) Show that every compact subspace of a Hausdorff 
space is closed.   (CO3, K2) 

Or 

 (b) Show that Compactness implies limit point 
compactness, but not conversely. (CO3, K2) 

14. (a) Prove that every metrizable space is normal.  
       (CO4, K5) 

Or 

 (b) Prove that every compact Hausdorff space is 
normal.    (CO4, K5) 

15. (a) Let XA ⊂ ; let ZAf →:  be continuous map of A  
into the Hausdorff space Z . Then prove that there 
is at most one extension of f to a continuous function 
 ZAg →: .   (CO5, K5) 

Or 

 (b) Let X  be a set; let  be a collection of subsets of X  
that is maximal with respect to the finite 
intersection property. Then prove that any finite 
intersection of elements of  is an element of .  
     (CO5, K5) 



R0067 

  

  4

 Part C  (5 × 8 = 40) 

Answer all the questions not more than 1000 words each. 

16.  (a) Let X  be a topological space. Suppose that C  is a 
collection of open sets of X  such that for each open 
set U of X  and each x  in U, there is an element C  
of C  such that UCx ⊂∈ . Then prove that C  is a 
basis for the topology of X . (CO1, K5) 

Or 

 (b) Show that let Y  be a subspace of X . Then a set A is 
closed in Y  if and only if it equals the intersection 
of a closed set of X  with Y . (CO1, K2) 

17. (a) Show that a finite Cartesian product of connected 
space is connected.   (CO2, K2) 

Or 

 (b) Prove that if L  is a linear continuum in the order 
topology, then L  is connected, and so are intervals 
and rays in L .   (CO2, K5) 

18. (a) Prove that the product of finitely many compact 
spaces is compact.   (CO3, K5) 

Or 

 (b) State and Prove the Lebesgue number lemma.  
       (CO3, K5) 

19. (a) Show that every well-ordered set X  is normal in 
the order topology.   (CO4, K2) 

Or 

 (b) State and Prove Urysohn metrization theorem. 
       (CO4, K5) 

20. (a) State and Prove Tychonoff theorem. (CO5, K5) 
Or 

 (b) Prove that if X  is a compact m-manifold, then X  
can be imbedded in NR  for some positive  
integer N .  
     (CO5, K5) 

———————— 
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 Part A  (10 × 1 = 10) 

Answer all the following objective questions by choosing the 
correct option. 

1. The extremal of the functional  −=
b

a

dxyxyJ 2)(][  is   

      (CO1, K1) 

 (a) 2xy =   (b) 2yx =   

 (c) xy =   (d) 0=y  

2. The operators yδ  and 
dx
d

 are commutative if  (CO1, K2) 

 (a) 
dx
dy

y
dx
d δδ =⋅  (b) 

dy
dx

x
dx
d δδ =   

 (c) 
dx
d

yy
dx
d δδ =⋅  (d) 

dy
dx

xx
dx
d δδ =  
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3. Identify the Beltrami identity  (CO2, K2) 

 (a) 0=
′∂

∂′′−
y
F

yF   

 (b) 0=
′∂

∂′−
y
F

yF   

 (c) =
′∂

∂′′−
y
F

yF  constant    

 (d) =
′∂

∂′−
y
F

yF  constant 

4. The functional  −′+=
b

a

dxxyyyxyI )sin2())(( 22  has the 

following extremal with 1c  and 2c  are arbitrary 
constants.     (CO2, K2)  

 (a) xececy xx sin
2
12

2
2

1 ++= −  

 (b) xececy xx cos
2
12

2
2

1 ++= −   

 (c) xececy xx sin
2
1

21 ++= −  

 (d) xececy xx sin
2
1

21 −+= −  

5. Which of the following is the Hankel transform of xe− ?  
       (CO1, K2) 

 (a) 2
3

2 )1( p−   (b) 2
3

2 )1( p+   

 (c) 3
2

2 )1( p−   (d) 3
2

2 )1( p+  
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6. If )(xJn  denotes the Bessel function of the first kind, 

then =− )]([ xJx
dx
d

n
n     (CO3, K3) 

 (a) )(1 xJx n
n

+
−  (b) )(1 xJnx n

n−−   

 (c) )(1 xJx n
n

+
−−  (d) )(1 xJnx n

n
+

−−  

7. Which one of the following is true? (CO2, K2) 

 (a) Two functions Φ  and ψ  is orthogonal if 
Φ+=Φ ψψ ,  

 (b) A function ψ  is normalized if 0=ψ   

 (c) Two functions Φ  and ψ  is orthogonal if 1, =Φψ  

 (d) A function ψ  is normalized if 1=ψ  

8. Which one of the following is true? (CO2, K3) 

 (a) with usual notation, if 0)( =λD , then the 
inhomogeneous has unique solution 

 (b) If 0)( =λD , then the inhomogeneous has infinitely 
many solution   

 (c) If 0)( =λD , then the inhomogeneous has no 
solution 

 (d) none of these 

9. Which one of the following is false?  (CO3, K2) 

 (a) with usual notation, every zero of )(λD  is the pole 
of the resolvent kernel    

 (b) The resolvent kernel is an analytic function of λ , 
regular at least inside the circle B/1<λ   

 (c) The resolvent kernel is a quotient of two 
polynomials of thn  degree in λ  

 (d) None of these 
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10. Which one of the following is inhomogeneous Fredholm 
equation?     (CO3, K3) 

 (a) Γ+= dttftssfsg )();,()()( λλ  

 (b) += dttgtsKsfsg )(),()()( λ  

 (c) = dttgtsKsg )(),()( λ  

 (d) None of these 

 Part B  (5 × 5 = 25) 

Answer all the questions not more than 500 words each. 

11. (a) Find the extremal of the functional 

0)1(,
)(1

][
2

1

21

=+=  ydx
x

y
yJ , 1)2( =y . (CO2, K3) 

Or 

 (b) Derive the Euler’s equation for the functional 

  








∂
∂−

∂
∂=

R

dydx
y
z

x
z

zJ
22

][ . (CO3, K4) 

12. (a) Find the shortest smooth plane curve joining two 
distinct points ),( 11 yx  and ),( 22 yx .  (CO3, K3)  

.Or 

 (b) Find the extremals of the functional 
′1

0

3

2x

x

dx
x
y

.  

     (CO4, K3) 
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13. (a) If )(
~

pf  and )(~ pg  are the Hankel transform of the 

functions )(xf  and )(xg  respectively. Prove that 

 
∞ ∞

=
0 0

)(~)(
~

)()( dppgpfpdxxgxfx .  (CO4, K5) 

Or 

 (b) Find the Hankel transform of 




>
<<=

ax
axx

xf
n

0
0

)( , 

taking )(pxxJn  as the Kernel. (CO3, K4) 

14. (a) Write a short note on different types of Kernels.  

      (CO4, K4) 

Or 

 (b) Find the eigenvalues and eigenfuntions of the 

homogeneous integral equation 

 +=
2

1

)()]/1([)( dttgststsg λ . (CO4, K5) 

15. (a) Solve the integral equation 

 ++=
π

λ
0

)()]([sin1)( dttgtssg . (CO5, K6) 

Or 

 (b) Evaluate the resolvent for the integral equation 

 ++=
1

0

)()()()( dttgtssfsg λ . (CO5, K6) 
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 Part C  (5 × 8 = 40) 

Answer all the questions not more than 1,000 words each. 

16. (a) Show that a necessary condition for the functional 

 =
R

yx dydxzzzyxFzJ ),,,,()(  to have an 

extremum for a given function ),( yxz  is that ),( yxz  

satisfies the equation 0)()( =
∂
∂−

∂
∂−

yx zzz F
y

F
x

F .  

     (CO3, K5)   

Or 

 (b) Prove that the derivation of the variation with 

respect to an independent variable is the same as 

the variation of the deviation. (CO4, K5) 

17. (a) Explain Brachistochrone problem. (CO4, K5) 

Or 

 (b) Explain Dido’s problem.  (CO5, K4)  

18. (a) Prove that the Hankel transform of 

f
x
n

dx
df

xdx
fd

2

2

2

2 1 −+ is )(
~2 pfp n− . (CO5, K6) 

Or 

 (b) If )(
~

pf  is the Hankel transform of the function 

)(rf , prove that 
∞

=
0

)()(
~

)( dpprpJpfrf n . (CO4, K6) 



R0068 

  

  7

19. (a) Find the resolvent kernel for the integral equation 


−

++=
1

1

22 )()()()( dttgtsstsfsg λ .  (CO5, K6) 

Or 

 (b) Solve the integral equation 

 −+=
1

0

)()31()()( dttgstsfsg λ .  (CO4, K5) 

20. (a) State and prove Fredholm’s second theorem.  
       (CO5, K6) 

Or 

 (b) Find the Neumann series for the solution of the 

integral equation  −++=
s

dttgtsssg
0

)()()1()( λ .  

     (CO5, K6)  

—————— 
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M.Sc. DEGREE EXAMINATION, NOVEMBER – 2023 

Third Semester 

Mathematics 

Elective — OPTIMIZATION TECHNIQUES 

(CBCS – 2022 onwards) 

Time : 3 Hours Maximum : 75 Marks 

 Part A  (10 × 1 = 10) 

Answer all the following objective questions by  
choosing the correct option. 

1. Which of the following is Hessian matrix of 

( ) 22, yxyxf −=  at 0,0( )?  (CO1, K1) 

 (a) 







−10
01

  (b) 







10
01

 

 (c) 







− 20
02

  (d) 







20
02

 

2. The matrix [ ]A  = 
















−−
−
−

424
242

424

 is —————— 

       (CO1, K1) 

 (a) Positive definite (b) Positive semidefinite 

 (c) Negative definite (d) Indefinite 

Sub. Code 
511518 
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3. Which of the following is maximum value of the function 
( ) yxyxf 3, += ?    (CO1, K2) 

 Subject to 

 

.0,0
24

7
1234

≥≥
≤−

≤+
≤+−

yx
yx

yx
yx

 

 (a) 0,0 == yx  (b) 
7
40

,
4
1 == yx  

 (c) 
7
40

,
7
9 == yx  (d) 1,1 == yx  

4. Let S  be a closed convex polyhedron. Then the minimum 
of a linear function over S  is attained at which point of 

?S       (CO2, K2) 
 (a) Interior point of S    
 (b) Exterior point of S 
 (c) Extreme point of S   
 (d) Set of points of S  in the convex set that lie on a line 

segment joining two other points of the set 

5. Which of the following is Direct search method? (CO2, K3) 
 (a) Steepest method  
 (b) Newton’s method 
 (c) Marquardt method    
 (d) Powell’s method 

6. Which of the following method is based on generating a 
sequence of improved approximations to the minimum, 
each derived from the preceding approximation? 
      (CO3, K3) 

 (a) Random Jumping Method 
 (b) Random Walk Method 
 (c) Powell’s Method 
 (d) Unvariate Method 



R0069 

  

  3

7. Which of the following method is called sequential linear 
programming method?   (CO3, K4) 

 (a) Complex method (b) Zoutendijk method 

 (c) Rosen’s method (d) Cutting plane method 

8. Find a method which transform the basic optimization 
problem into alternative formulations such that 
numerical solutions are sought by solving a sequence of 
unconstrained minimization problems. (CO4, K5) 

 (a) Penalty function method    

 (b) Cutting plane method 

 (c) Projected Lagrangian method    

 (d) Rosen’s method 

9. Which of the following is a non-linear programming 
problem?     (CO5, K5) 

 (a) All-integer problem 

 (b) Mixed-integer problem 

 (c) Zero-one problem 

 (d) Polynomial programming problem 

10. In Gomary’s cutting plane method, the feasible integer 
solution of the problem are denoted by dots. These points 
are called the    (CO5, K6) 

 (a) integer optimal points 

 (b) integer comer points 

 (c) integer lattice points 

 (d) integer initial points 
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 Part B  (5 × 5 = 25) 

Answer all the questions not more than 500 words each. 

11. (a) State and prove the necessary condition for the 
relative minimum of a function of a single variable. 
     (CO1, K3) 

Or 

 (b) Find the values of yx,  and z  that maximize the 

function ( )
zyx

xyz
zyxf

22
6

,,
++

= , when yx,  and z  

are restricted by the relation .16=xyz    (CO2, K4) 

12. (a) Prove that the feasible region of a linear 
programming problem is convex. (CO3, K5) 

Or 

 (b) Solve Maximize yxf 4−=   (CO4, K5) 

  Subject to 

  

1025
2025
4554

4

≥+
≤−
≤+

−≥−

yx
yx
yx

yx

 

  0≥x , is unrestricted to sign.      

13. (a) Prove that the gradient vector represents the 
direction of steepest ascent. (CO4, K4) 

Or 

 (b) Solve the following equations using the steepest 
descent method (two iterations only) with the 
starting point. { }0,0,01 =X . 

  42 21 =+ xx , 82 321 =++ xxx , 113 32 =+ xx  
     (CO5, K5) 
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14. (a) Write the characteristics of a constrained problem. 
       (CO4, K4) 

Or 
 (b) Write the algorithm of sequential linear 

programming method.  (CO4, K5) 

15. (a) Write the solution procedure of Gomory’s method for 
mixed-integer programming problems. (CO5, K5) 

Or 
 (b) Solve the following problem using Gomory’s cutting 

plane method :   (CO5, K5) 
  Maximize 21 2xxf +=  

  Subject to 
  721 ≤+ xx  

  ,112 1 ≤x  72 2 ≤x  

  0≥ix  and integer, 2,1=i . 

 Part C  (5 × 8 = 40) 

Answer all the questions not more than 1000 words each. 

16.  (a) Find the dimensions of a cylindrical tin (with top 
and bottom) made up of sheet metal to maximize its 
volume such that the total surface area is equal to 

240 =A π .    (CO3, K6) 

Or 
 (b) Consider the following problem : (CO3, K5) 

  Minimize ( ) ( )22
2

1 12 −+−= xxf  

  Subject to 
  212 xx +≥  

  using2
12 xx ≥  

  Kuhn-Tucker condition, find which of the following 
vectors are local minima : 

  








=
5.0
5.1

1X








=
1
1

2X , 








=
0
2

3X . 
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17. (a) By using two-phase simplex method solve minimize 
54321 232 xxxxxf +−++=  (CO5, K6) 

  subject to the constraints 

  
23

02433

54321

54321

=++++
=−++−

xxxxx

xxxxx
 

  =≥ ixi ,0  1 to 5. 

Or 

 (b) By using quadratic programming method, solve 
minimize 2

221
2
11 224 xxxxxf +−+−=   (CO5, K5) 

  subject to 

  

0,0

04

62

21

21

21

≥≥
≤−
≤+

xx

xx

xx

      

18. (a) By using steepest descent method solve Minimize 
( ) 2

221
2
12121 22, xxxxxxxxf +++−=  starting from the 

point 








=
0
0

1X .   (CO5, K5) 

Or 

 (b) Write detailed procedure of the Random walk 
method.    (CO5, K6) 

19. (a) Solve minimize ( ) 2121, xxxxf −=  

  subject to ( ) 0123, 2
221

2
1211 ≤−+−= xxxxxxg  using 

the cutting plane method. Take the convergence 
limit in step 5 as 02.0=ε . (CO5, K6) 

Or 

 (b) State and prove the convergence of the interior 
penalty function method. (CO5, K6) 
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20. (a) By using Gomory’s cutting plane method, solve 
Minimize 21 43 xxf −−=   (CO4, K6) 

  subject to 

  

integers.area and43,2,1,i0

66113

123

11

421

321

ii xx

xxx

xxx

=≥
=++

=+−
 

Or 

 (b) Solve the following LP problem using the branch 
and bound method :   (CO5, K6) 

  Maximize 21 43 xxf +=   

  Subject to 

  

integers.areandand0,0

123

88117

2121

21

21

xxxx

xx

xx

≥≥
≤−

≤+
      

 
———————— 


